
Colliding neutrino fields in general relativity

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1976 J. Phys. A: Math. Gen. 9 45

(http://iopscience.iop.org/0305-4470/9/1/009)

Download details:

IP Address: 171.66.16.88

The article was downloaded on 02/06/2010 at 05:11

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/9/1
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


I h r ~ : ~ a t h .  Gen.. Vol. 9. No. 1, 1976. Printed in Great Britain. @ 1976 

wg neutrino fields in general relativity 

J B Griffiths 
Department of Mathematics, University of Technology, Loughborough, Leicestershire 
LE1 1 3TU, UK 

Received 2 September 1975 

Abstract. The neutrino field equations are given in Newman-Penrose formalism, and an 
exact solution of the Einstein-neutrino equations is obtained which describes the collision 
and subsequent interaction of two neutrino fields. The gravitational interaction of the two 
fields is found to be completely different from that between two similar electromagnetic 
fields. 

1. Introduction 

An interesting feature of Einstein’s general theory of relativity is that, being a 
mhear theory, it does not allow a simple superposition of fields. Thus, waves are not 
aMe to pass through each other without a significant interaction through the gravita- 
hnal field equations. In order to gain an understanding of this process, it is important 
to obtain exact solutions describing the collision of two waves and their subsequent 
mteraction. Szekeres (1972) has obtained an exact solution describing the collision of 
&e gravitational waves, and has shown that an essential singularity necessarily is 
induced in the space-time. This may be described as the effect of a mutual focusing and 
amplification of the two waves (Penrose 1966). Bell and Szekeres (1974) have also 
@enan exact solution describing colliding electromagnetic shock waves. This solution 
&exhibits a mutual focusing effect, but for the special case described the singularity 
which appears is non-essential. 

ne purpose of this work is to derive an exact solution describing a collision of 
wufrino fields. It is shown that the interaction occuring between neutrino fields is of a 
d h e n t  nature to that occuring between electromagnetic or gravitational fields. 

order to compare the interaction of neutrinos with that of gravitational and 
e’mOmagneticwaves, it is convenient to closely follow the methods of Szekeres (1972) 
andBelland Szekeres (1974). It is therefore necessary initially to express the neutrino 
*tionsin the Newman-Penrose formalism. The notation of this paper will follow as 
doselY as possible that of Newman and Penrose (1962). 

1 lae neutrino equations 

field is defined by a two-component spinor $A which satisfies the neutrino 
’CY] equation 
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46 3 B Grifiths 

It must also satisfy Einstein’s field equations 

R,, - i Rg,, = -k& 
where the energy-momentum tensor is given by 

A B  B A  
~ , u = i [ ~ ~ B ( d A d B : u - d B ~ A ; , ) + ~ u A B ( d  d ;p-6 d ;+I]. 

In order to express these in Newman-Penrose formalism it is necessary to introdua 
WO bask spinors oA and L~ normalized by the condition 

O A P  = -LAOA = 1. 

These give rise to the null tetrad 
A B  

AB0 . A B,  n’ = U’ABL L 

A m t ’ = ( J . P A B L  A B  0 . m’ = U’A@ b 9 

The neutrino spinor may now be written in component form as 

d A  = d o A  + $LA. 

In previous work on neutrino fields (eg Griffiths and Newing 1971, Wainwright 1971)it 
was found convenient to align one basis spinor with the neutrino spinor so that $=O. 
However, for the problem considered here this simplification is not possible and tht 
neutrino equation (2. l), in terms of the Newman-Penrose spin coefficients and differen. 
tial operators, takes the form 

Dr$ +#IC( = (p -€)d +(a - ..)IC( 

64 +A$ = -(B - d d  -b - y)$. 

The components of the Ricci tensor now take the apparently complicated form 

Qw = ik[JID&-qD$+tc&- E$&+(€ - Z)t,@] 

= $k[JI@- @JI- $D6 + &D$ - K+$+ udq- (6 + E  +E)$&+ (p  -6  -+)GI 
(002=-ik[IC(~-6631+ud6+(~++)$$+A~] 

% I  =$ik[r$D6-6Dd + $ A ~ - I , ~ A I C ( + ( E - C ) ~ $ + ( ~ +  +)&- (++ T)$$ 

+ (Y - 7)Gl 
= iik[-dG+ $64 - IC(&$ + && + ( p  - p ) d $ +  ( E  + p ) + ~ -  (a +PI$$ + ( p  -ii)&I 

a12 =fik[466-6W -$A& + 6 A $  + (C - p  - T)& + - ( p  + y + y)$$ - &I 
@z2 = i k C d A 6  - 6 A d  + (7 - y)d$ + ~ 4 6 -  Y$$] 
A=O. 

This now enables neutrino fields to be considered in terms of the Newman-Penrose 
formalism. 

3. Bormdaryconditions 

The situation under ansideration is that of two colliding null fields. It is always POsside 
to choose a frame of reference in which the two fields approach from exactly OPP@’ 
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directions, so that only ‘head on’ collisions need to be considered. It is 
mven+nt to choose two null coordinates xo = U, x1 = U initially parallel to the two 

with the wavefronts given by U = 0 and U = 0 respectively. This situation is Waves, 
desaibed in figure 1. 

Colliding neutrino fields 

F i e  1. For colliding neutrino fields, region I is taken to be flat, regions 11 and I11 contain 
neutrino fields approaching from opposite directions, and region IV represents the interac- 
tion region. Null coordinates U and o are chosen for convenience. 

fie metric is permitted to take a different form in the four regions indicated in 
@e 1. However, it must be smoothly joined on the null boundaries U = 0 and U = 0, 
tbe appropriate junction conditions being those of O’Brien and Synge (1952) (see 
Robson 1973). 

In order to determine a solution in the interaction region IV, it is necessary to specify 
&fields in regions I, I1 and 111. Region I is taken to be flat since no other fields are 
sumed to be present. A convenient choice of neutrino field in region I1 is that 
described by the metric (Griffiths 1972): 

ds2= 2 dU dx’ + ~ ( u ) [ ( x ~ ) ~ + ( x ~ ) ~ ]  d ~ ~ - ( d ~ ’ ) ~ - ( d ~ ~ ) ~ .  

In this metric however the coordinate x1 is not null, and it is therefore convenient to 
introduce the null coordinate z1 and two space-like coordinates x and y by 

x’  = U +;(x2 + y2)FF’, xz = xF, x3 = y F  

where F= F(u) satisfies F”= -hF. This now reduces the metric to Rosen form: 

11: ds2=2du du-F2(U)(dX2+dy2). 

Tnemetric in region I may be conveniently given by 

I ds2=2du du-dxz-dy2 

ahking the field in region I11 to be of the same form as that in I1 it is convenient to 
maider 

In Order to satisfy the junction conditions it is necessary to impose the conditions 
F(o)=l, F(O) = 0, G(O) = 1. G’(0) = 0. , , ~I 

In adopting the above metrics in regions I1 and I11 it has been assumed that the 
nwtrino fields have the same constant polarization. This is a severe restriction to the 
Boeaqof the conclusions of this paper. However, these metrics have the interesting 
’Wq that they admit either an electromagnetic or a neutrino interpretation. This 
%‘ &ere fore enables the differences between the interactions of null electromag- ‘‘‘ and neutrino fields to be demonstrated, since the metric obtained for the 
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interaction region IV when the Einstein-neutrino equations are imposed differs grq 
from the metric obtained when the Einstein-Maxwell equations are imposed. A 
solution €or colliding electromagnetic waves of this type has already been given by 
and Szkeres (1974) for the initial fields given by F=cos au (ie h ( u ) = a z )  
G =cos bu. These correspond to constant profile null fields. The following results fa 
colliding neutrino fields may immediately be compared with the results of Be]] a 
Szekeres if this choice of metric in regions I1 and 111 is taken. For the moment, however, 
the greater generality is retained. 

4. The field equations in the interaction region 

In the interaction region IV it is possible to retain null coordinates U and U aligned with 
the two fields. Taking the propagation vectors of the two fields to be the null vectors/, 
and nw, there exist functions A(u, v )  and B(u, U) such that 

Ai,, = U+, Bn, = v , ~  

provided that the fields continue to follow twist-free null geodesics. With this assump 
tion the tetrad may be constructed as follows 

1'= (0, B, Y', Y') 
n' =(A, 0, X2, X 3 )  

m' = (0,0, t2, 5'). 
Now the metric in regions I, I1 and 111 has no dependence on the coordinates x and! 
and therefore intuitively no such dependence is expected in region IV. Accordingly the 
assumption is made that the metric components and spin coefficients are functionsof II 
and U only, so that when applied to these quantities 

1, = A-'SE 

n, = 8- 6, 1 1  

a a 
av '  au' 

D=B- A=A- s =o. 

Such an assumption may only be justified if it successfully leads to an exact s o h ~ t h  
The commutation relations now give 

K = V = O ,  P = P ,  P = P,  p = E ,  = 7~ = 2a. 

It is now possible to use the available tetrad transformations to put E = 0 and y =o, and 
A and B may now both be taken to be unity. The metric and field equations now 
become 

A y '  - DX' = -4( @ + ati ) 
D t i  = p t i  + ,$ 
A t i  = -,gi - @ 

(4.1) 

(4.?! 

(4.3 

(4.4 

(4.5) 

(4.6) 

(4.7) 
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(4.8) 

(4.9) 
(4.10) 

(4.11) 

(4.12) 

(4.13) 

Szkeres' approach to the problem of colliding gravitational and electromagnetic 
myes was to notice that a = 0 in regions I, II and 111 and since in these cases <plo and (PZ1 
arezero, Q must be zero everywhere. He was then able to use the available transforma- 
tions to put Xi and Y' zero. However, for colliding neutrino fields Ql0 and are not 
aecessarilyzero and the assumption that they are does not lead to an exact solution. It is 
therefore necessary to consider an alternative approach and the tetrad freedom is used 
to put E = O  and y = 0. 

5. An exact solution 

The solutions for colliding gravitational and electromagnetic waves have non-zero 
contraction and shear in the interaction region. However, for colliding neutrinos there 
appears to be no reason why shear terms a and A should appear if 'Po and Y4 remain 
zero. " h e  assumption is therefore made that 

c=o, A =O.  
%assumption is only finally justified on the grounds that it leads to an exact solution. 
It is now possible to put 

t2= ~ ( u ,  u)/J2, f3=iG(u ,  v)/J2 
and the neutrino conditions become 

DdJ = P 4  -a* 

A* = -p* + E 4  
@oo=ik($D$-$D$) 

@o1 =iik($D1)-2p(16-E1~&) 

@02 = -2ikG+6 

@11=ik(6&,J-cu$6) 

QI2 =iik(-$A6 -2p46  - 546) 
@22 = ik(bA6 - 6A4).  

- 
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Equations (4.8, 10) now imply that 

a = Gi kd$ 
so that = -4aE and equations (4.2,3, 7, 9) give 

G = (f(u) + g(v) ) -  "' 

where f and g are arbitrary functions. The remaining equations may now be integrated 
to give 

All equations are now satisfied except (4.1), but it can readily be seen that it is always 
possible to choose functions X' and Y' satisfying this equation and the necessary 
boundary conditions. 

A global solution may now easily be constructed by keeping g constant for uC0 

and f constant for U < O .  These constants may each be taken to be 5 to obtain the 
flat-space metric required in region I. In region I1 the metric is now a function of U only. 
4A = (6OA and X and Y' are zero. In region I11 the metric is a function of U only, 
(bA = t+kA and X' and Y' are zero. In region IV the metric is a function of both U andc 
given by 

g,,, = l,n, + n,l, - m& - rii,m, 

where 

1, = a,, 0 n,, = a:, m, = ( 1/2G)(X2+iX3, Y'+ i Y', -1, -i). 

The required boundary conditions are that 

on U = 0, (U 3 0): 

on U = 0, (U z 0): 
f = '  2, f'= 0, X' = y' = Y',, = 0 

g =;, g'=O, x' = y' =X',, = 0. 

Thesolution in this region is that given above and an appropriate choice of X' and y'is 

X'+iX3=2J2 I* GE dv 
0 

Y2+iY3 = -242 GG du 
0 

where G = (f+ g)-1'2 and 

i (f'g')'/' 
4 f + g  

a=--- exp($ In g'-$i In f ' ) .  
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& Discllssbn 

When he  WO fields collide f +  g is necessarily positive with f ' (0) = 0 and g'(0) = 0. 
However, if the energy density of the neutrino fields are positive then f" and g" are 
e t i v e  (this may be deduced from § 3 where F' = -hF etc). This causes a focusing of 

WO fields, the contraction of the fields becoming infinite on the space-like 
bypenurfae f + g  = 0. On this hypersurface the metric is singular and all components 
dbe%cci tensor aAB, 'PI, 'P2 and '4'3 are all unbounded. It is worth noting in passing 
btalliding neutrino fields with negative energy density cause each other to diverge so 

ne solution given above may immediately be compared with the Bell-Szekeres 
&tion for colliding electromagnetic waves if the choice is made that f = cos 2au for 
u30 and g =$ COS 2bu for U 3 0. This gives the same expression 

a singularity in the space-time does not appear. 

G - 2 = ~ ~ ~ ( ~ ~  + bu) C O S ( ~ U  -bo )  

kt in this case the shear is zero and the terms Xi and Y' appear. The incoming waves 
w)ar have constant profile. In region 11, = a2 and in region 111, Qoo = b2.  In the 
interaction region IV 

sin 2au 
cos 2au +cos 2bu 

sin 2 bv 
cas 2au +cos 2bu 

Qo0 = b2[  1 + ( 
a2,= a'[ 1 + ( 

The remaining terms being easily calculated. In contrast to this, in the solution for 
colliding electromagnetic waves the components Qoo and Q22 remain constant, 
@@=ab, and the remaining components of the Ricci tensor and the gravitational 
components Y A  do not appear, so that the metric remains conformally flat and the 
dngularity at au + bu =in is removable. 
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